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Feb. 117, 2019 ® Manifold-preserving algorithms for
multiscale kinetic simulations

" Collisionless plasmas: conservative,
implicit particle-in-cell algorithms

Courant Institute Colloquium ® Collisional plasmas: conservative,

implicit, adaptive Vlasov-Fokker-Planck

algorithms for ICF applications
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Manifold-preserving algorithms for multiscale kinetic

simulations

»High-fidelity simulation of kinetic multiscale problems require solving the
kinetic transport equation, e.g.:
= Boltzmann (rarefied gas dynamics, radiation transport)
= Vlasov-Fokker-Planck (collisional plasmas)
»Numerical challenges of kinetic descriptions are many:
= High dimensional (3D+3V+time), highly nonlinear, exceeding multiscale

= Cannot afford to run fully resolved in time or space, even with most powerful
supercomputers

= Need to constrain numerical errors as much as possible
»Manifold-preserving discrete algorithms control numerical error by
preserving constraints and asymptotic properties of the continuum
problem, e.g., conservation laws. They facilitate:
= Asymptotic well-posedness
= Discrete model nesting (e.g., Boltzmann — Navier-Stokes — Euler)
= Avoiding long-term manifold drift [O(1) errors!]
» Implicit timestepping is needed for efficiency.

= Model-nesting can be effectively used for algorithmic acceleration (e.g., moment-
based acceleration, aka High-Order/Low-Order, micro-macro, etc).

»We have applied these ideas to rarefied gases, radiation, and plasmas.
»We will focus on plasmas throughout this talk.
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simulation of plasmas:

The Vlasov-Fokker-Planck-Maxwell system

» A fully ionized plasma: soup of ions, electrons, coupled by EM fields
» Probability distribution function f, described by Vlasov-Fokker-Planck eq.

of Fokker-
Oifs +v-Vfs+ (E+V><B) Vofs = (a ) Planck-
f
Landau
coupled with Maxwell equations (or Darwin, ES, etc):
E)tB +VXE = 0
—UupedtE4+V X B = upj |=— .
_ @ —-»]:Z/qvfsdv;p:Z/qfst

V-E ._

»Manifold constraints: positivity of f,, strict conservation of charge (mass),
momentum, and energy, H-theorem

»Very rich manifold asymptotics: quasineutrality, ambipolarity, multi-fluid,
resistive MHD, ideal MHD
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Challenges of first-principles kinetic plasma

simulations

»High dimensionality (3D+3V+time), nonlinear, exceedingly multiscale

Kinetic Scales Macroscopic Scale
P
Electron lon
| | | % | >
| | | | )
< > < : , > Spatial Scale
(m; /me) /2 10° — 10'°
wp_cl Q;Cl Qc_il TA = L/VA
i 1 i l
| i $ - s — »
< > < : _ » Time Scale
mi/me 10® — 10

Explicit Kinetic Simulations

New Implicit Algorithms

<

» Goal: integrate electron-ion-field kinetic system on engineering time
and length scales while capturing kinetic effects.
= Need asymptotic-preserving implicit methods, adaptivity in phase space, strict
conservation properties
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Manifold-preserving (PIC) methods
for plasmas
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Vlasov-Maxwell equation for collisionless plasmas

»Vlasov equation

gs
8tfs+v'vfs+m (E+VXB)'VfS:@

S

coupled with Maxwell equations

B+ V XE = 0
—puo€0dtE+V X B = 1upj
V.-B =
V. E = e%

where:
izZ/cIstdV ; p=2/qfdv

»Vlasov equation is a singular limit of VFP
= Features an infinite number of invariants (any function of fy)

= However, only mass, momentum, and energy survive with arbitrarily infrequent
collisions
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Lagrangian (particle-in-cell, PIC) discretization of the

Vlasov-Maxwell system

» Lagrangian solution by the method of characteristics:
t
f(x,v,t) = fo(x—/dtvv—— th),’X(t:O):XO,'V(t:O)IVQ

» PIC approach follows characteristics employing macroparticles (volumes in phase space)

» Maxwell's equations are usually solved by finite-difference time-domain methods.

. fxv,t) =1,0(x—xp)d(v—vp) FDTD
I
® .,_.)Q — _"9 atB —|— v X E — O
Nt %= ~pocodE+V xB = pio]
5™ q
W vy = - S(E+vxB) V-B = 0
= V-E = -
O(x —x,) — S(x—xp) ; Ep:ZEiS(xi ]1_2]27 Xi — Xp)
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Classical PIC algorithm is explicit (i.e., not multiscale,

not conservative)

» C(lassical explicit PIC: “leap-frogs” particle positions and velocities, field-solve at position update:

Integration of equations
of motion, moving particles

F.———-’vi———Ox

|

Weighting
(E,B)j —=F;

o

Weighting
(x,v)i—=(p,J)j

]

Integration of field
equations on grid

» |mplementation is straightforward, but...

» Performance limitations:
~ CFL-type instability: min(wpAt < 1, cAt < Ax). Minimum temporal resolution
< Finite-grid instability: Ax < Apepye. Minimum spatial resolution
«~ Memory bounded: challenging for efficient use of modern computer architectures.

» Accuracy limitations:

—
VELOCITY

Vold

=

POSITION

Vnew

\/‘\/

Xold
]

Fold
|

Soaw time
)
quw
At
H'—é' t+ At

~ Lack of energy conservation, problematic for long-time-scale simulations

» To remove the stability/accuracy constraints of explicit methods, we consider implicit methods.
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What about implicit PIC?

»Exploration of implicit PIC started in the 1980s
< Implicit moment method’
= Direct implicit method?
»Early approaches used linearized, semi-implicit formulations:
= Lack of nonlinear convergence
= Particle orbit accuracy (particle and fields integrated in lock-step)
= Inconsistencies between particles and moments
= Inaccuracies! — Plasma self-heating/cooling?
»Our approach: nonlinear implicit PIC
= Enforcing nonlinear convergence; consistency between particles, moments, and fields.
= Ensuring exact global energy conservation and local charge conservation properties.
= Allowing adaptivity in both time and space without loss of the conservation properties.
= Allowing moment-based preconditioning to accelerate the iterative kinetic solver!

1. Mason, R. J. (1981), Brackbill, J. U., and Forslund, D. W. (1982)
2. Friedman, A., Langdon, A. B. and Cohen, B. 1.(1981)
3. Cohen, B. |, Langdon, A. B., Hewett, D. W., and Procassini, R. J. (1989)
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Fully implicit PIC: 1D electrostatic PIC

Chen et al, JCP 2011, 2012, 2013; Taitano et al, SISC (2013)




Fully implicit 1D electrostatic PIC formulation

» A fully implicit formulation couples particles and fields non-trivially (integro-differential PDE):

fn+1 _fn fn+1 _|_fn B q q)n+1 + q)n fn+1 _|_fn B
A VIV Y 2 Vi =0
V2q3n+1 — /dvfn+1 (X, v, t)

» In PIC, f"*1is sampled by a large collection of particles in phase space, {x,v}’;ﬂ.

= There are N, particles, each particle requiring 2 X d equations (d —dimensions),
< Field requires N, equations, one per grid point.

» If implemented naively, an impractically large algebraic system of equations results:

F({x,v}}*,{®"*"}¢) =0 | — dim(F) = 24N, + N,

< No current computing mainframe can afford the memory requirements
« Algorithmic issues are showstoppers (e.g., how to precondition it?)

» An alternative strategy exists: nonlinear elimination (particle enslavement)
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Particle enslavement (nonlinear elimination)

» Full residual F({x,v},,{®}¢) = 0is impractical to implement

» Alternative: nonlinearly eliminate particle quantities so that they are not dependent
variables:

< Formally, particle equations of motion are functionals of the electrostatic potential:

x’;ﬂ — xp [chJrl] ; UZ+1 — Z]p [¢n+1]

F(x,"™, v, 1, ®@"*1) = F(x[@""], v[@""'], ®""") = F(@" )

‘ Nonlinear residual can be unambiguously formulated in terms of electrostatic potential only! I

» Nonlinear solver storage requirements are dramatically decreased, making it tractable:

< Nonlinear solver storage requirements < N,, comparable to a fluid simulation
< Particle quantities = auxiliary variables: only a single copy of particle population
needs to be maintained in memory throughout the nonlinear iteration
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Nonlinear solver: Jacobian-free Newton-Krylov

» After spatial and temporal discretization = a large set of nonlinear equations: F(x”“) =0

» (Converging nonlinear couplings requires iteration

» We begin with Newton's linearization:

xk+1 — xk _ ]k_lP(xk)

» Jacobian matrix inversion requires a linear solver = Krylov subspace methods (GMRES)

< Only require matrix-vector products to proceed.
= Jacobian-vector product can be computed Jacobian-free (CRITICAL: no need to form

k _ P(xk
(8_1—") y:]ky:limF(x + ey) — F(x¥)
k

Jacobian matrix):

ox e—0 €
=~ Krylov methods can be easily preconditioned: Pk_1 ~ ]k_l

JkP ' Pox = —F

‘ We will explore moment-based preconditioning strategies later in this talk. I




An important detail: Vlasov-Poisson vs. Vlasov-Ampere

» Two equivalent formulations are possible:

1D Vlasov-Poisson (VP)

1D Vlasov-Ampere (VA)

f +od.f + 10, = 0
tf+vaxf‘|‘ f — O
LE = £
€0 €OatE+j = <]>
E = —09,9

Two systems are equivalent in continuum, but not in the discrete.

» Conventionally used in explicit PIC.
» Exact local charge conservation.
» Exact global momentum conservation.

» Unstable with orbit averaging in implicit
context [Cohen and Freis, 1982].

» Exact local charge conservation.
» Exact global energy conservation.
» Suitable for orbit averaging.

» (an be extended to electromagnetic sys-
tem in multi-D.

» We consider Vlasov-Ampere to derive discrete conservative formulation.
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Details of enslaved nonlinear residual evaluation

» The nonlinear residual formulation F(E"™!) based on Vlasov-Ampere formulation is as follows:
1. Input E (given by JFNK iterative method)
2. Move particles (i.e., find x,|E], v,|E] by solving equations of motion)
(a) Requires inner (local) nonlinear iteration: Picard (not stiff)
(b) Can be as complicated as we desire (substepping, adaptivity, etc)
3. Compute moments (current)

4. Form Vlasov-Ampere equation residual
5. return

» Full implicitness enables exact global energy conservation! (CRITICAL)
» Because particle move is performed within function evaluation, we have much freedom.
» \We can explore improvements in particle mover to ensure long-term accuracy!

~ Multi-rate integrators (ensures orbit accuracy)
=~ Exact charge conservation strategy (a new charge-conserving particle mover)

Los Alamos National Laboratory 2/21/19 | 17




Fully implicit discretization:

» Fully implicit Crank-Nicolson time discretization:

Efl—l-l _ En . .

et = ()=0
+1 n
xz xp Un+1/2 O
At p ’
Un+1 — "

p p Yy n+1/2 n+1/2y _ Q.
— E S X;i — X - O/

At mpzi: ! (i P )

n+1/2 quvn+1/25( n+1/2 xi)-

» (-N enforces energy conservation to numerical round-off:

m E”+1 ErEMT + E” 1 1
R e o =~ D R = con
1

<~ No CFL condition.
< Robust against finite-grid instabilities
~ Requires that particles and fields are nonlinearly converged.
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Multirate particle integrator:

» Multi-rate particle integrator: field time-scale At > orbit time-scale AT

‘ Accurate orbit integration requires particle sub-stepping! I

» Local charge conservation ;0 + V - j = 0 is essential to ensure long-term accuracy.

< Derived independently from both Vlasov and Maxwell equations: “glues’ them together.

» B-spline interpolation ensures charge conservation within cell boundaries; broken when particles
cross cell boundaries.

= Standard strategy based on current redistribution when particle crosses boundary.*
« Current redistribution breaks energy conservation. Need a new strategy.

» Particles stop at cell boundaries = exact charge conservation for B-splines with order<2

N

Nl
I
(e}

. m=1,2) . nt
Ji = Lp Gp0p =y = o +Vj=0],

N—

4Buneman 1968, Morse and Nielson, 1971
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Multirate particle integrator:

» Particle substepping breaks energy conservation.

» Energy conservation theorem can be recovered by orbit averaging Ampére's law:

. . 1 t+At Ert+l _ En _ ‘

» Orbit-averaged current is found as: [Cohen and Freis, 1982]

_ 1 t+At 1 Ny
| = — | — — A v
] At/t T j N ;U; qy0pS(x — x,)AT

» With these definitions, exact energy conservation is recovered:

1 n
;;7(7); +0,)(v," —vp,) = —;60 AL : 5

1 1
=4 Z Empvf, + Z EeoEiz = const.
p i
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lon acoustic

Accuracy impact of manlfold preservation

1e-01

1 e-02

K.
|
.—ﬂ.—’
:::..:

s
L

,acc-cn,At=4
|m sub -cn,At=1
im,cn,At=0.25

1e-03 |

o
- ET S

~ssaaay

im,cn, At=1

T T Y ¥ E
3
P . . . . ’ . .
N o g A . - J ’ .D K
D y ¢ - . Xy . . . .
. . . - o ~ . . '
r - Lo " 0 B - o
:
]
4
1
3
3

4e-10

A(total energy)

-4e-10 ¢ | Iy ‘

lon acoustic oscillations
im=implicit
cn=Crank-Nicolson,
sub=fixed-substepping
acc=adaptive charge conserving.
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lon acoustic

Accuracy impact of manifold preservation

At = 1At
— exp
= 6
. At=1 OAtexp 10 ¢
0.55 _
o At=1 OOAtexp W o
-7
(1] 10 |
0.1 o Slope = 2.008
10 |
[+
-0.35 : 107°
1 0
0 50 x 100 10 At 10
b 1000«»;‘ t = 2000a; t = 3000w
05 : 2 05 . 05 -
—— Improved IMM Improved IMM
ok | —— Improved IMM || g — — —Standard IMM 04r Standard IMM 1
0.3} ---Standard IMM | { 0.3} 1 03:
0.2 i 02t 1 0.2- \ b
u 01f {iw 01} A w01 ) R, ; :
. oM \ A g o N A \ oy 1t I\,‘Ir !
Ohl‘w“’é:’lww\}\‘me\’m‘\"‘: OV\JMMQ“.J \VTIW}“\'\ OW, S \ 1/ ~ “"\"h\"“f"?’HJ
P U T I 1 A i
0.1} 1 -01 01 ° Vw4
-0.2} 1 -02f { -02- '
0 50 100 0 50 100 0 50 100
X X X

5Taitano et al., SISC, 35 (2013)
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lon acoustic
Long-term accuracy on

non-uniform grid spacing

3r uniform, ex, dt= 0.1 ———
uniform, im, dt=10.0 -
non-uniform, im, dt=10.0 -+-----eeeeeeee

n; (a.u.)
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0 50 100 150 200

Los Alamos National Laboratory
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Moment-based preconditioning
Chen et al, JCP 2014; CPC 2014, 2015




CPU gain potential of implicit PIC vs explicit PIC

» Back-of-the-envelope estimate of CPU gain:

T L\ Cimp At;, CPU Axipio\ ATy 1
CPU ~ (_) (_) n Csolver . ~ Nrr p . ex ( p) p
At Ax P " Cex : :

» Using reasonable estimates:

AXx;
ATymy ~ min [0.10—1;”’”, Atimp]
t

Atiwp ~ 01w,

CPU, LN o [L [mi] 1
Aty ~ 01w, CPUpmp  \Ap NrE

kAXiwy ~ 0.2

AXey —~ AD

» (CPU speedup is:

< Better for realistic mass ratios and increased dimensionality!
= Limited by solver performance Ngg (preconditioning!)
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Moment-based acceleration of fully kinetic algorithm

» Particle elimination = nonlinear residual is formulated in terms of fields/moments ONLY: F(E)
» Within JENK, preconditioner ONLY needs to provide field/moment update:

OE ~ —P'F

Premise of acceleration: obtain 0E from a fluid model using current

particle distribution for closure.

» We posit a fluid nonlinear model:

Btn,x = —-V- l-‘a
my [atr(x + V- (ir(xr(x)] — cIocn(xE + V- (noc (&> )
p

Ny

eOatE — Z %ra
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Moment-based acceleration of fully kinetic alg. (cont.)

» We formulate approximate linearized fluid equations (neglect linear temperature response):

on
- = —V.iT,
At v
oI, I1,
M, & qu(ony E + 14, 0E)+ V- (ﬂ_a>p On,,

- o

Z qadrzx T F(E)

OE can be obtained from Newton state E, Newton residual F(E), and
particle closures I, , and 7,
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Moment preconditioner performance

10000 ¢ T . — . —
- : : prec A
! noprec A
1000 | R R oc(Khp) 1100 e
i 2\,\ ‘X(kxD)J 86 o
c . AL |
£ S R
2 100 [ ATA
S ' Ak
Dag L A\“\"Z:\
I S A
% 10 ; A
A
L .- L - 'k A ,,,,,,,,,,,,
A
0.1 b
0.0001 0.001 0.01 0.1
khp

Transition occurs at kAp ~ , /7¢ ~ 0.025, as predicted
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Extension to PIC:

conservation properties (2D Weibel)

i/, = 1836, T,y /Ty =9, Npe=2000, L = 7t d, X 7t d,, Ny = 32 x 32

0.01

/-\\—-"’ T Se-15 ‘ charge conservat‘ion
0.001 / meielt
> explicit e
‘0
&  0.0001 / \
©
> 1e-15 .
5  1e-05 0 —— : :
% / ' T '
S i - 'u.\:"}. — —
2 1e-06 1e-06 T Y
§ / 1e-08 +
£ 16-07 / M\“,,«"’ energy conservation
/ implicit 1e-10 -~
explicit - 12 I (/””MM
1e-08 \# linear theory (ymax=0.ﬁ)02) E le-12 N , ,
: : : : ! momentum conservation (x)
0 20 40 60 80t 100 120 140 160 26-08 |
,
pe 0 P VM’_”}WW\W»WQ,V_% ]
100000 -2e-08 ¢
A , :
10000 A canonical momentum conservation (z) ..
1e-08
e AN (KAp)
£ 1000 =N
o RN 1e-12 |
< 100
) -, :
= 1e-16 | ! #
10 div (A)
© 1e-13 |
1
0.1 1e-15 s ormamsarime T
0.0001 0.001 0.01 0.1 1 ‘ ‘ ‘
KAp 0 50 100 150
Opet
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Extension to

PIC:

Preconditioner performance (2D Weibel)

Los Alamos National Laboratory

Ly X Ly =22 % 22 (d2), N = 200, At = 0.1,

Ny X N, = 128 x 128

o no preconditioner with preconditioner
Newton | GMRES | Newton GMRES
25 5.8 192.5 3 0
100 5.7 188.8 3 0
1836 7.7 237.8 4 2.8
m;/m, = 1836
N, x N no preconditioner with preconditioner
Y | Newton | GMRES | Newton GMRES
16 x 16 3.7 20 3 0.9
32 x 32 4 38.5 3 0.9
64 x 64 4.3 79.9 3 0.2
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Manifold-preserving
methods for plasmas
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Motivation: Kinetic effects in ICF are important

DD YOC

“NIF NIFPDD

From Rosenberg et al., PoP, 21 (2014)

Ind. Dr.  (this work)
© _QF
— g
—e-
—o— o
_@_
- Open - D2 fill
107 107" 10° 10
N EA/R e
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High-fidelity ICF simulations require a

» Vlasov-Fokker-Planck (Rosenbluth form; equivalent to Landau form) is
the model of choice for weakly coupled plasmas

Df; _9dfi . o o C(f £
= s Vs = ]G U
myj
vvfz___A]fZ]
mj

+ Maxwell’s equations...

» VFP manifold: positivity, conservation of charge, momentum, and
energy, H-theorem (entropy increases or stays constant)
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The iFP Vlasov-Fokker-Planck code
Taitano et al, JCP 2015, 2016, 2017, 2018
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A multiscale VFP solver for ICF applications

»Consider 1D-2V geometries (planar, spherical symmetry)
»Consider suitable asymptotic limits for Maxwell equations:
= Electrostatic approximation (exact in 1D spherical, p ~ 103-10% in Omega)
<~ Quasineutrality: p = 0
= Ambipolarity: j = 0 (in 1D)

= Eliminates plasma frequency, Debye length, and charge separation effects
(this is OK for our timescales)

»Consider fluid electrons:

= Rigorous model, including thermal and friction forces (Simakov et al, PoP
2014)

= Massless electrons (regular limit)
= Eliminates non-local heat transport effects (drawback)
= Interim approximation (ambipolarity can be imposed with kinetic e)

»lons remain fully kinetic, allow for multiple species
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Model equations:

fully kinetic ions + fluid electrons

Vlasov-Fokker-Planck
for ion species

Fluid electrons

3 5
iat (neTe) _|_ iax (ueneTe) T ueax (neTe) T 833/4368:18Te — Z Cea

N N a
. —1 -1 -1
Ne = _qe oMo Ue = qe ne oMUy
aFe

Electric field model: e pressure, friction, thermal forces

. VPG + Zz Fie Vpe aO(Zeff)me

E= — _YPe _ S i (Ve — Vi) — Bo(Zesr)

€

VT,

eNne eNne e

Simakov and Molvig, PoP 21 (2014)

Los Alamos National Laboratory 2/2119 | 41



Algorithmic innovations of iFP

» Fully nonlinearly time-implicit (At >> 1))
= |terate solution to convergence

= Based on a nested-model HOLO solver, with optimal multigrid
preconditioning

» Optimal, adaptive grid in phase space

= Velocity space: normalize to thermal velocity and shift w/r/t flow velocity
per ion species

= Radial coordinate: Moving mesh partial differential equation (MMPDE)
» Fully conservative (mass, momentum, and energy)

= Mesh motion in phase space built into model analytically, and then
discretized (no remapping)

= Enslavement of error in conservation symmetry into discretization

These strategies save > 14 orders of magnitude in computational complexity
vs. “brute-force” algorithms (e.g. static uniform grid + explicit time-integration)




ICF adaptive meshing VFP needs

» Disparate temperatures during * Shock width and capsule
Implosion dictate velocity size dictate physical space
resolution. resolution

= Vi max d€termines L,
= Vi, min determines Av

v
A

Implcision
| /4 \
Under-resolved -
cold distribution ]
1

| | Resolved hot

V distribution ‘| | | ‘




Brute-force VFP algorithms (uniform mesh,

explicit timestepping) are for ICF

»Mesh requirements:
= Intra species Vi, max /Vin min~100
= Inter species (Vi o /Vih g)max~30
= Ny~ [10(Vin, max!Vinmin)X(Vin /Vin )] ~10°
=~ N, ~ 103-104
=~ N=N,N,~1012-1013 unknowns in 1D2V!

» Timestep requirements.

=~ tsm=10 ns 1 / Av \2
o < U) I/C_Olllwl()_gns

coll
=~ N=101%time steps Alegp ~ 10

»Beyond exascale (10'® FLOPS)!

min
Yih
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with

problem tractable

»Mesh requirements: 0 = (v — uy ) /v¢p,
= v-space adaptivity with vy, normalization and u; shift, N,~104-10°
< Moving mesh in physical space, N,~102
= Second-order accurate phase-space discretization
=~ N=N,N,~106~107 (vs. 1072 with static mesh)
» Timestep requirements:

= Optimal O(N,) implicit nonlinear algorithms [Chacon, JCP, 157
(2000), Taitano et al., JCP, 297 (2015)]

= Second-order-accurate timestepping
= Nty =Atg,~10-3 ns
= N¢~103-10% (vs. 1079 with explicit methods)
» Terascale-ready! (1072 FLOPS, any reasonable
cluster)
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v, adaptivity provides an enabling capability to

simulate ICF plasmas Y

»D-e-a, 3 species thermalization
problem

»Resolution with static grid:

9 1600 } Th
a - =T
N, ~ 2 (”t’%em) = 140000 x 70000 ¢ L Tl
Vth,D,0 1200 f .
»Resolution with adaptivity and _ 1000
asymptotics: 800+ %
600} .
N, =128 x 64 A L A |
_ 200 -~ "7 -
»Mesh savings of ;

0 500 1000 1500 2000 2500 3000
time

~ 10°
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Manifold preservation is critical!

\ Tp Ip,no cons i
~
1.8} \Q L4 Tp,brag i 8t _‘_ Tp,brag _- -
\ - =T, Te,no cons -
1.6 L & o Te,brag 1 6t © ebrag -7
— = — ) -
1.4}
1.2}
o T 2 3 4 5 00—
. 0 1 2 3 4 5
With energy conservation Without energy conservation
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Implicit solver is efficient, algorithmically and

: 0
in parallel

Weak scalability test

—o— Implicit___ | s 2 *
—_O(N,) T 1.8}
108} —A—Explzicit ] 2 16l
— — O(N?) a
v 4 orders of 814l
- magnitude more £ |
3. 6 efficient than o
> 10°) explicit methods 3 1
o - <_-)
O a 0.8 -
2 0.6}
S
104} : -
Eo.2
o
Z A ; ;
C 1 0
10* 10° 0 500 1000 1500
N Number of processors
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Algorithm achieves design accuracy

(2" order in phase space and temporally)

| Numerical A ' | ——Numerical P
— — 2" order s 108 — — 2" order -

T
At x107™
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Phase-space strategy

Taitano et al, JCP 2016, 2017, 2018
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1D-2V Rosenbluth-VFP model:

Adaptive velocity-space mesh

Y ov'/ot >0
A %/
;;;;f Resolved cold/fast
g distribution
T
;;/jf ov'/ot<0 .
1
7z
v
ou’/ot > ()
\j
~ Resolved hot

y distribution

»V-space adaptivity allows optimal mesh resolution throughout the domain
» Analytical transformation introduces inertial terms
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Representation and coordinate

transformation for v, adaptive meshing

1D spherical (with logical mesh); 2D cylindrical geometry in velocity space

S I I -
crrrrrrrrrrrrr .

t,0

X = dr/dt (mesh speed)
o1 Y I |
Srrrrrrrrr T

N I
ST T T T T T T Tl

Always fixed

(Spherical radius)

- 2 2
. — A~ v — v
Coordinate 5= v-r 5= 1
on: 1= = VL=
transformation: Vih.o

Jacobian of V Gv (t,rvL) = Vth,o (t,r)r vy
transformation: Toe = Oer
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Coordinate transformation introduces inertial terms ©

»VRFP equation in transformed coordinates

Ot (\/GuvJrefo) + O¢ (@Um,a [5“ —l] fa) +

s, (Jra ) +0g, ( r§ ) = Jrﬁ\/g_v§0<w (fas f5)

Y|,

7 'Uth aatvth o T J (UII ) 'Uth aafvth a} +

~2
V1Vtha da )
r Jrﬁmavth,a

)

’UJ_ _ ~ V)| UL Vth,a
— 7 vth aatvth o" + Jr£ (UH ) vth ozafvth a)}

r
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Asymptotic treatment of interspecies collisions

Taitano et al, JCP 2016
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Interspecies collisions present challenges with

species-centric mesh adaption

» Adaptivity using v, requires solving the interspecies collision problem:
one needs to compute the potentials for species  on the mesh of

species a
~ FOé/B A~ A~ ~ ~ A~ ~ mQ{ ~ A~ ~ i
CozB — —3 vva . vvavvaGaﬁ . vvafoz — _fozvvaHozB
Yih.B mpg _
— - ~ A~ A~ vth,(){ -_— piy -
3 3
~ Uih, A Vih,
Hop = Hp— : Gop = Ga—F
th,a Uth,oc

» This transfer can be problematic:
= Accuracy issues (when species have disparate thermal velocities)
~ Efficiency issues: work scales as number of species squared O(N.?)

»Asymptotic treatment solves both issues
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Asymptotic Formulation of Interspecies Collisions

" Hot

Cold Cold species

= essentially a delta |

A

Gs :nsv_
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function on hot
species' mesh

ns n3VS v
V v

nsV v-l—VVvU < /d%’f"')

Hot species' mesh
is too coarse for

vS/vth,f << 1

interpolation on A Hot

cold species' mesh

A

Hy =

Gf=-vv:

v- /d?’v'f'v—/ + 1'o'u: /d3v' iV Vy L
fy3 92 f o

1 ; > 1
—gov: [/ a3’ INCALAL (&)}

1 3,/ ¢ 1
2 |:/d v ffVU/Vv/V,,/V,,/ <’U’>] +

+—vvvV
1 ;
(/ d3’U’ f}szVv/v'> = E’U'U'UZ (/ d3UI f}Vv/Vv/Vv;v')

1
+ﬁ’U’U’U'U </ d3’U, f}Vv/Vv/Vv/Vvlv’) +




v, adaptivity provides an enabling capability to

simulate ICF plasmas Y

»D-e-a, 3 species thermalization
problem

»Resolution with static grid:

9 1600 } Th
a - =T
N, ~ 2 (”t’%em) = 140000 x 70000 ¢ L Tl
Vth,D,0 1200 f .
»Resolution with adaptivity and _ 1000
asymptotics: 800+ %
600} .
N, =128 x 64 A L A |
_ 200 -~ "7 -
»Mesh savings of ;

0 500 1000 1500 2000 2500 3000
time

~ 10°
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Conservation and positivity

Los Alamos National Laboratory 2/21/19 | 68




2V Rosenbluth-FP collision operator:

conservation

»Conservation properties of FP collision operator result from
symmetries:

Cap =1apVy - {Jaﬁ G — m_BJaﬁ, }

— —

(1,Cqp); =0 = [JaB,G — Jap,H

Mass.
go OJ
 Momentum
M (U, Cap)y = —mp (U,Cga) g =>[<1’Jc|>|éﬁ, JE@H%”J
|Energy

e (0%, Ca)g} = —ma {02, ) g} =T~ Tapn), =0
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2V Rosenbluth-FP collision operator:

numerical conservation of

»The symmetry to enforce is: <17, fga,g — Jagj > =0

—

v

»Due to discretization error: <v J30.G — Jag,H> = O (Ay)

»We introduce a constraint coefficient such that:

(T~ Tunir) =0 = = 140D
— mQ{ —
Cozﬁ — Faﬁvv . |:JaB,G — —JaB,H:|
mg
»Discretization is nonlinear, and ensures that, numerically:

Ma { (V7 Ca5>q7} = —mg {(v*, C5a>a}

»Similarly for momentum. Idea extends to Vlasov equation as well.
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2V Rosenbluth-FP collision operator:

numerical preservation of

»RFP collision operator is an advection-(tensor) diffusion
operator in velocity space
»Use SMART [1] for advection
= High-order advection when possible
= Reverts to upwinding otherwise
= Monotonic, positivity preserving
= Suitable for implicit timestepping
»Use limited tensor diffusion [2,3] for tensor diffusion component
= Maximum-principle preserving
= Compatible with nonlinear iterative solvers

1. Gaskell & Law, 1988
2. Lipnikov et al., 2012
3. Du Toitetal., 2018
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Verification: thermalization of initial random distribution

PDF _1, extrema=( 0.000e+00, 2.993e+01) PDF 1, extrema=(-8.838¢e-10, 1.035¢+00) PDF_1, extrema=(4.319¢e-14,7.458¢-01)
S S S
0@«9 "
o ne o “
is S
° @ A ° o
10 5 0 s 10 10 s 0 5 10 10 5 0 5 10
vr vr vr
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Single-species random distribution:

Conservation properties

Positivity preservation

106 (& 1072 10
108 107 N
10-10 R R T PR PR R PR PR PR PR PRREPEERY 10'6 '. ?
E E N Y
10712} €=10 108} e=102]{ &
—— =107 ——c=10"
1074+ _4q6| 1 1070 .
""""" ¢=10 e =10
10-16 L L L 10'12 1 1 1 1
0 0.02 0.03 0.04 0.05 0 001 002 003 0.04 0.05
0 time time
10 ; ; 101 . .
10'5 S 100 r
2 .............................................................. cg -2
10 € =10_2 1 ¢=10 .
10710} 10 PP
—— =10 € 10_6
-------- €r=10-6 6=10
10°1® : : : 1072 : : : :
0 0.02 0.03 004 0.05 0 0.01 0.02 0.03 0.04 0.05
time time
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Moment-based (High-Order/Low-Order) nonlinear
solver acceleration strategy
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Nested-model solver uses the moment equation to

efficiently deal with the integral nonlinearity

» Kinetic (HO) equation (microscopic physics):
VFPq = 0yfo + Vo - (0fa) + (da/ma) E- Vo fo - ZC Io: farng” us?, T57)

»Hydrodynamic (LO) equations (macroscopic physics; evolve the
Maxwellian collision kernel):
(L

2

onnk® + v, - nik?
,VFPa> => Omik? + V, - [n@t© @ @0 + IPLO — FHO] — (g /ma) nkOE + Zg FHOLO

N

8tULO € Vac . ﬁLO ULO + PLO + QHO _ ULO . ,/—_HO Qo /Ma, nuLO E WHOLO
o' o' « o' « a B

» These systems are solved coupled using an accelerated Picard iteration
(e.g., Anderson Acceleration)

»HOLO algorithm effectively linearizes the HO component, but without
approximation upon nonlinear convergence

Los Alamos National Laboratory
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system accelerates the convergence of the

nLO7 ﬁLO, TLO, E

/

LO System
(deals with all the stiff,
nonlinear, integral physics)

—

~-HO AHO HO
T 9 Q y fYcol
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HOLO can efficiently deal with stiff integral nonlinearity

At~200 Ty

——AA (m=5)
——HOLO

»HOLO is simply a convergence
accelerator (i.e., no additional
approximations)

rel

Residual

» A significant acceleration in convergence
of nonlinear solver is achieved, without
changing the solution!

107

0 50 100 150 200
iteration
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1D-2V Vlasov-Fokker-Planck equation:
Verification and demonstration of long-term accuracy
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Verification test: Relaxation of sinusoidal profile

0.1

— t=1e-08| | | | ' | | . [—t{-1e08
——t=0.1348 1.2} ——t=0.1348|]
1.1} | ——t=0.9348 1 0.05 ; ——t=0.9348
——t=4.9348 1.1} ——t=4.9348|
c 1 7@ -] 0 - 1
—t= 1e—08\ .
——t=0.1348 I
0.9} 1 —0.05} ]
——t=0.9348 0.8l
—t=4.9348
0.8 ' ' ' ' —0.1 ' ' ' ' 0.7 - - - -
02 04 06 08 02 04 06 08 02 04 06 08
X X X
-9 -7 -9
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6 6!
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€ 0.5 S o
of 2
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Verification test: Sharp profile relaxation problem

Non-conservative Conservative
1 e 1 - '
0ol Wrong equilibrium os| \
0.8} due to numerical 08|
0.77 heating 0.7 -
0.6} : 0.61 \ A
—osf T T T T T | «— Analytical C sl _
0.4} - equilibrium 0.4} \/\/ :
o 5 | |
0.2 H —t=29986 0.2 1= 1e08 \ J
o1l ——t =38.0856 C T, —  t=3.005
. orrect equilibrium o1} 1= 35036 '
0 > 4 _ 6 s achieved ' 8
10° -
10°
%10'1
%10‘2
-3
10 107
10 5 1 IO 1 I5 2IO 2I5 3I0 3I5 1070 5 1I0 1I5 2I0 2I5 3I0 3I5

t
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Verification: M=5 Shock (kinetic regime)

1 min
T

1.2 . . . fi (o) = 2m [ f (0,01 ) vido,
. 0.08

0.07

10.06
10.05

10.04

10.03
0.02

0.01

0 50 100 150 200 50 100 150

1.2

0.8}
1~ 0.6

0.4r¢

0.2

200 0 50 100 150 200
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Verification: M=5 Shock conservation properties

er=10'2 ]
er=10'4
€ =10'6
r
\ 10-10 \ : . r
0 50 100 0 50 100 0 50 100
t t t
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Verification: M=1.5 Shock (fluid regime; HARD)

1.7 T T 0.020 T T T T
D-3He shock (M=1.5; I =0.57) D-3He shock (M=1.5) — analy. temp. separation
— iFP temp. separation
1.6 i 0.015} E
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0.010f B
1.4} R
_ & 0.005} :
5 1.3} E 2
& T
= 0.000
1.2} | &
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Exploding pusher ICF capsule implosion
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The fuel remains fully kinetic throughout the simulation

f3yq 1 = 0.35227 ns 15102 1= 0.35227 ns
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Algorithmic savings in computational complexity

[ \’

Nv,staticNa:,static o Uth,max < ms;02 5 Axmaa: - 107
N’U,a,da,pt Nw,adapt Uth,min mp Axmzn
—— S——— ~—
\ ~300 ~3 ~100

(At) voro 5
~ 10°,

Simulation takes <24 hours on 400 cores
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Conclusions

» We have derived manifold-preserving algorithms for kinetic plasma simulation
= Collisionless (Lagrangian, particle-in-cell)
= Collisional (Eulerian)

» Collisionless (PIC): we have solved the 40-year-old algorithmic challenge of
developing accurate implicit PIC algorithms

» Collisional (VFP): we have demonstrated a truly multiscale algorithm that has
enabled routine simulation of ICF spherical capsule implosions with a few
hundred cores for a couple of days.

» In both cases:

= Strict conservation properties have been shown to be critical for long-term accuracy.

= Significant algorithmic acceleration has been achieved by using nested asymptotic models.
» We have seen similar benefits in other applications:

= Rarefied gas dynamics

< Radiation transport

= Ocean modeling
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